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E-mail addresses: xia.li@nottingham.ac.uk, ce.lixia@In granular mechanics, macroscopic approaches treat a granular material as an equivalent continuum at
macro-scale, and study its constitutive relationship between macro-quantities, such as stresses and
strains. On the other hand, microscopic approaches consider a granular material as an assembly of indi-
vidual particles interacting with each other at micro-scale (i.e., particle-scale), and the physical quantities
under study are forces and displacements. This paper aims at linking up the ﬁndings from these two
scales and to establish the macro–micro relations in granular mechanics.
Three aspects of the macro–micro relations are investigated. They are about the internal structure, the
stress tensor and the strain tensor. The internal structure is described with geometrical systems at the
particle scale. Micro-structural deﬁnitions of the stress and strain tensors are derived, which link the
macro-stress tensor with the contact forces, and the macro-strain tensor with the relative displacements
at contact. In addition to a brief review of the past research work on these topics, further generalizations
are made in this paper. In particular, the two cell systems proposed by Li and Li (2009), namely the solid
cell system and the void cell system, are introduced and used for the derivation of the macro-structural
expressions. The stress expression is derived based on Newton’s second law of motion. The result is valid
for both static and dynamic cases. The strain expression is derived based on the compatibility require-
ment. And the expression is valid for any tessellation subdividing the granular assembly into polyhedral
elements.
The homogenization for deriving a macroscopic constitutive relationship from microscopic behaviour
is discussed. Attention is placed on the macroscopic quantiﬁcation of the internal structure in terms of
a second rank tensor, known as the fabric tensor. Existing deﬁnitions of the fabric tensors have been
reviewed. The correlations among different fabric tensors and their relations with the stress–strain
behaviours have been investigated.
 2009 Elsevier Ltd. All rights reserved.1. Introduction
Constitutive laws describe the relationships between the stress
and strain tensors. Studies on the constitutive relationship of gran-
ular materials start with macro-scale investigations, which treat a
granular material as an equivalent continuum. Complex behav-
iours of granular materials have been observed in laboratory,
mainly due to the inﬂuence of the internal structure, or its syno-
nym fabric, i.e., the geometries of granular particles and their spa-
tial arrangements. In elasto-plastic models, a second-rank fabric
tensor has been used as a macroscopic quantiﬁcation of soil fabric
(e.g., Oda and Nakayama, 1987; Tobita and Yanagisawa, 1992; Li
and Dafalias, 2004; Wan and Guo, 2004; Zhu et al., 2006; Yu,
2008). Several deﬁnitions of fabric tensor have been proposed in
the literature, whereas their correlations with the stress–strainll rights reserved.
fax: +44 (0)1159513898.
gmail.com (X. Li).behaviour of granular materials are ambiguous. The incorporation
of the fabric tensor into a constitutive model is mainly based on
phenomenal observations. Parametric calibrations are necessary
in order to determine the fabric tensor and to give a reasonable
prediction of the soil behaviour.
To understand the fundamental mechanisms, the discrete nat-
ure of granular materials should be taken into account. A granular
material is to be treated as an assembly of individual particles
interacting with each other at contacts. The micro correspondences
to macro quantities, the stress tensor, the strain tensor and the fab-
ric tensors, are the contact forces, the particle displacements and
the particle scale geometries, respectively. Microscopic investiga-
tions are beneﬁted from the simple and straightforward relations
between contact forces and displacements, while the involved
physical quantities are many and the application to engineering
practice is difﬁcult. Therefore, researchers are keen to establish
the macro–micro relations linking up the physical quantities be-
tween the two different scales, and to develop macro constitutive
relationships in light of the microscopic behaviours.
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structure in Section 2. The two cell systems proposed by Li and Li
(2007, 2009) is brieﬂy introduced. Section 3 focuses on the micro-
scopic deﬁnitions of the stress and strain tensors in terms of the
contact forces and the particle displacements. Section 4 discusses
the derivation of the macroscopic constitutive relationship from
the microscopic behaviours. Section 5 is concerned with the deﬁni-
tions of the fabric tensor. The main ﬁndings from this study are
summarized in Section 6.
2. Microscopic characterization of the internal structure
A granular material is an assembly of granular particles, which
is a multiphase medium, composed of solids and pore ﬂuids. The
spaces occupied by the particles are referred to as solid spaces,
and the remaining pore spaces are referred to as voids. The internal
structure, or its synonym, fabric, describes the geometrical infor-
mation of a granular material. Focusing on the solid grains, the
material fabric has two aspects: (1) the geometry of the individual
granular particles, and (2) their spatial arrangements. In this paper,
study is focused on soil skeleton. The particles are modeled as rigid
bodies with point contacts.
The topological characterization of the internal structure was
introduced into the mechanics of granular materials by Satake
(1978). The internal structure of two-dimensional assemblies
was described as two complementary graphs (particle- and void-
graphs). In his graph-theoretical approach, Satake considers the
neighborhood of particles in real contacts. To account for the
importance of both solid and void spaces, the idea of two comple-
mentary graphs (particle- and void-graphs) has been adopted Sa-
take, 1992. Each of the enclosed void spaces is considered as a
dual particle. Satake’s graph or its equivalence has been widely
used in the two-dimensional (2D) micro-mechanical study of gran-
ular materials (e.g., Kruyt and Rothenburg, 1996; Kuhn, 1999).
However, the extension of Satake’s work to the three-dimensional
(3D) space is not available due to the difﬁculty in dealing with con-
tinuous existence of void space.
Bagi (1996) used the well-known geometrical concept, Voro-
noi–Delaunay tessellation, and gave the mathematical description
of the internal structure of a granular material consisting of parti-
cles with arbitrary convex shape. The results are called the dual cell
system (the material cell system and the space cell system), which
describes the spatial approximation of granular particles. These
two geometrical systems are mathematically modeled and well-
deﬁned in the m (mP 2)-dimensional space. However, the con-
tacts between neighboring particles, which is important to the
study of the stress–strain relationships, are not directly reﬂected
in the dual cell systems.
Among various ways to subdivide a granular assembly into mi-
cro-elements, to facilitate the study of the stress–strain behaviourSolid Cell System
Fig. 1. The solid and vof granular materials, it is preferred that the geometrical systems
are (1) applicable in both 2D and 3D spaces; and (2) convenient
for the static and kinematic analyses. Recently, Li and Li (2007,
2009) proposed a contact-based tessellation to quantify the mate-
rial fabric, applicable in 2D and 3D spaces. In 3D case, the contin-
uous void space is subdivided into void elements, which are
minimal portions of void space whose boundary forms a statically
determinant structure.
The details of constructing the new two cell systems are given in
Li and Li (2009). In their approach, the particle geometry is repre-
sented by the Voronoi–Delaunay tessellations based on the contact
points of the particle under investigation. The spatial arrangement
of the particles is represented by modifying the Voronoi–Delaunay
tessellations constructed based on the contact points in the granu-
lar assembly. The relative positions between particles are described
by the edges connecting contacts from adjacent particles.
The idea of two complementary graph systems is followed. They
are a solid cell system and a void cell system, as illustrated in Fig. 1.
The two cell systems are equivalent expressions of the internal
structure, only with emphasizes placed on the solid phase and
the void phase, respectively. One of the cell systems can be ob-
tained from the other. Between the two systems, the void cell sys-
tem is more advantageous in characterizing the particle
arrangement in a granulate assembly, because the void cells are
centred at void spaces, and their vertices consisting of the centres
of the neighboring particles and the contact points in between.
It should be noticed that the solid/void cells are minimal units
which are suitable for both static and kinematic analyses. One solid
cell consists of one particle and some void spaces in its vicinity. The
solid space takes care of force transmission, and its afﬁliated void
spaces are responsible for macroscopic deformation. Similarly,
one void cell consists of one void space and some solid spaces in
its vicinity. While the void cell is compatible with macroscopic
deformation, the boundary of the void element provides continu-
ous paths for force transmission. This unique feature makes it pos-
sible to take the solid/void cells as the basic elements to study the
behaviour of granular materials, with the macroscopic constitutive
relation considered as the volumetric average of the solid/void cell
responses.
The two cell systems could be readily used to study how the
internal structure affects the stress–strain behaviour and how the
internal structure changes to external loading.
3. Micro-structural expressions for the stress and strain tensors
3.1. Micro-structural expression for the stress tensor
The macro–micro relation between the stress tensor and its mi-
cro counterpart, contact forces, has beenwell established under sta-
tic conditions (e.g., Love, 1927; Weber, 1966; Goddard, 1977;Void Cell System
oid cell systems.
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1996; Kruyt and Rothenburg, 1996). The body forces were included
into the derivation by Bagi (1999), and the dynamic effectwas taken
into account in De Saxce et al. (2004). Here, a generalized expression
of the stress tensor in a uniform stress ﬁeld is derived based onNew-
ton’s second law of motion without any further assumptions.
The rectangular Cartesian coordinate system is used hereafter
without particular speciﬁcation. The base vector is denoted as ei,
and the component as xi ði ¼ 1;2;3Þ. Consider a granular assembly
occupying a volume V bounded by a closed boundary surface S
ðS ¼ oVÞ. In a stress ﬁeld uniform on the macro scale, the stress ten-
sor could be evaluated as the average stress over the volume V as:
rij ¼ 1V
I
V
rij dV : ð1Þ
When subjected to the distributed forces piðxÞ applied on the
assembly boundary S and the body forces giðxÞ acting within the
volume V, the balance of linear moments is stated as:
rij;i  qgj ¼ qaj; ð2Þ
in which ai denotes the acceleration in xi-direction. The boundary
condition is satisﬁed as:
rijniðxÞ ¼ pjðxÞ; ð3Þ
in which n(x) is the unit vector representing the normal direction of
the boundary surface at point x, pointing inwards. This convention
is followed hereinafter to be consistent with the sign convention in
soil mechanics, i.e., compression is positive.
Invoking the divergence theorem and substituting Eqs. (2) and
(3) into Eq. (1), we obtain:
rij ¼ 1V
I
V
rkjdik dV ¼ 1V
I
V
rkjxi;k dV
¼ 1
V
I
V
ðrkjxiÞ;k  xirkj;k
h i
dV
¼  1
V
I
S
rkjxink dSþ
I
V
qxiðgj  ajÞdV
 
¼  1
V
I
S
xipjdSþ
I
V
qxiðgj  ajÞdV
 
: ð4Þ
Considering soil skeleton only, the boundary tractions are discret-
ized into concentrated forces exerted at discrete points, henceH
Sxipj dS ¼
P
b2Sx
b
i F
b
j , in which F
b
i is the boundary force exerted at
discrete points b with the coordinates of xbi . The body force (force
per mass) and the inertial force are acting on the solid phase only.
The discrete form of Eq. (4) becomes:
rij ¼  1V
X
b2S
xbi F
b
j þ
X
P2V
I
VP
qxiðgj  ajÞdVP
 !
: ð5Þ
For a granular particle P with uniform gi, the body force is calcu-
lated asI
VP
qxigjdV
P ¼ XPi GPj ; ð6Þ
in which GPi ¼
H
VPqgi dV
P is the volumetric force of granular particle
P, and XPi is the centre of mass.
The granular particles displace as rigid bodies. The angular
velocity and acceleration of particle P are denoted as xP and _xP ,
respectively. Denoting r ¼ x XP , the acceleration of a point x in
particle P could be expressed as a ¼ aP þ xP  xP  rþ _xP  r, i.e.,
ai ¼ aPi þxPj xPi rj xPj ri
 
þ eijk _xPj rk, in which aP is the acceleration
at the centre of mass XPi . Hence, we have:I
VP
qxiajdVP ¼ XPi APj þ RPij; ð7Þin which APi ¼
H
VPqaidV
P is the inertial force.
RPij ¼ xPkxPj JPik xPkxPkJPij þ ejkl _xPkJPil is the term resulted from particle
rotation, where JPij ¼
H
VPqxirj dV
P ¼ H VPqrirj dVP .
The interactions among particles are contact forces. Newton’s
second law of motion for particle P in the assembly states that,X
c2P
f Pci þ GPi ¼ APi ; ð8Þ
where f Pci is the force acting at the contact point c of the particle P.
Substituting Eqs. (6)–(8) into Eq. (5) yields:
rij ¼  1V
X
b2S
xbi F
b
j þ
X
P2V
XPi G
P
j  APj
 
 RPij
h i !
¼  1
V
X
b2S
xbi F
b
j 
X
P2V
X
c2P
XPi f
Pc
j 
X
P2V
RPij
 !
: ð9Þ
Denoting mPci ¼ XPi  xci as the vector from the contact point c to the
particle centre XPi , Eq. (9) can be rewritten as:
rij ¼  1V
X
b2S
xbi F
b
j 
X
P2V
X
c2P
xci f
Pc
j 
X
P2V
X
c2P
mPci f
Pc
j 
X
P2V
RPij
 !
: ð10Þ
The double summations in the second term include the forces act-
ing on the assembly boundary contacts, as well as those at the inter-
nal contact points. Note that at an internal contact point c between
particles P and Q, there are always two terms, f Pci and f
Qc
i , which are
a pair of action and reaction forces, equal in magnitude and oppo-
site in direction, i.e., f Pci  f Qci . These two terms compensate each
other, resulting in:X
P2V
X
c2P
xci f
Pc
j ¼
X
b2S
xbi F
b
j : ð11Þ
Combining Eqs. (10) and (11) yields:
rij ¼ 1V
X
P2V
X
c2P
mPci f
Pc
j þ
X
P2V
RPij
 !
: ð12Þ
Eq. (12) is referred to as the micro-structural expression of the
stress tensor. Note that the derivation of the stress expression is
based on Newton’s second law of motion. It is valid for both static
and dynamic analyses. The expression is different from the conven-
tional expression with the additional term
P
P2VR
P
ij due to particle
rotation.
3.2. Micro-structural expression for the strain tensor
The macro–micro link of the strain tensor and its micro coun-
terpart, particle displacements, has been a subject of more debates
and diversity. A comprehensive review can be found in Bagi (2006).
Based on theoretical and numerical investigations, Bagi concluded
that the strain tensors based on the graphical representation of the
internal structure and the translations of the characteristic points
(e.g., Bagi, 1996; Kruyt and Rothenburg, 1996; Kuhn, 1999; Cam-
bou et al., 2000; Satake, 2004) are in good agreement with the
macro-level strain tensor.
The expression of the micro-structural strain tensor depends on
the geometrical system used to describe the internal structure.
Kruyt and Rothenburg (1996) and Kuhn (1999) obtained an expres-
sion for 2D strain tensor with a subdivision of the granulate assem-
bly into polygonal elements, such as Satake’s graphs. Bagi (1996)
derived the micro-structural expression of the strain tensor on a
tessellation consisting of only simplexes (i.e., triangles in 2D and
tetrahedrons in 3D). These expressions demand additional require-
ments on the geometrical system. Here, we intend to derive a more
general expression, which is valid for subdivision of the granular
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void cell system introduced above.
In a strain ﬁeld uniform on the macro scale, the average dis-
placement gradient tensor over the volume V could be evaluated
as:
eij ¼ 1V
I
V
eij dV ¼  1V
I
V
uj;idV : ð13Þ
Applying the divergence theorem over the volume V, it follows that:
eij ¼ 1V
I
S
ujniðxÞdS ¼ 1V
I
S
u ndS: ð14Þ
Again, n(x) denotes the normal direction of the boundary surface at
point x pointing inwards, to be consistent with the sign convention
in soil mechanics.
The surface increment dS can be calculated by applying the
divergence theorem over the surface increment dS, as seen in
Fig. 2(a). Consider a 2D rectangular Cartesian coordinate system
coplanar with the surface increment dS. The base vector is denoted
as EI and the component as XI ðI ¼ 1;2Þ. The origin of the coordi-
nate system is denoted as OX . The area of the surface increment
dS can be obtained as:
dS ¼ 1
2
I
dS
dII ds ¼ 12
I
dS
XI;I ds ¼ 12
I
LdS
XIN
dL
I dL
¼ 1
2
I
LdS
X NdL dL; ð15Þ
in which NdL gives the normal direction of the line increment dL
pointing inwards. The integration is taken over the closed boundary
of the surface increment dS, LdS ¼ oðdSÞ. With direction n as the nor-
mal direction of the surface increment dS, we have
NdL dL ¼ n tdL ¼ n dX, as seen in Fig. 2(b). With x ¼ OOX
!
þX,
Eq. (15) becomes:
dS ¼ 1
2
I
LdS
X  ðn dXÞ ¼ 1
2
I
LdS
x  ðn dxÞ
¼ 1
2
I
LdS
n  ðx dxÞ: ð16Þ
Notice
H
LdSx dx follows the direction of n. Letting xDS0 be a refer-
ence point ﬁxed for the polygonal boundary surfaces DS and denot-
ing y ¼ x xDS0 , we have:
ndS ¼ 1
2
I
LdS
ðx dxÞ ¼ 1
2
I
LdS
ðy  dxÞ þ 1
2
I
LdS
ðxDS0  dxÞ
¼ 1
2
I
LdS
ðy  dxÞ: ð17Þ
Hence, the displacement gradient tensor from Eq. (14) could be
rewritten as:
eij ¼ 1V
I
S
u 1
2
I
LdS
y  dxð Þ
 
¼ /ikl
2V
I
S
I
LdS
ujykdxl; ð18Þ
where /ijk is the permutation tensor.(a) (b) 
dS
n
n
dS
dLΝ
t
1X
2X
XO
Fig. 2. The surface increment dS.When the assembly boundary is discretized into polygonal sur-
face increments DS, the integration path in Eq. (18) consists of line
segments. Eq. (18) can be expressed in terms of discrete form as:
eij ¼ /ikl2V
X
S
X
LDS
ujykDxl; ð19Þ
in which LDS ¼ oðDSÞ denotes the boundary of the surface increment
DS. Letting xDL0 as a ﬁxed reference point on the line segment DL, we
have x xDL0
 	 Dx ¼ 0 when the integration takes over the line
segment DL. Denoting h ¼ xDS0  xDL0 , Eq. (19) becomes:
eij ¼ /ikl2V
X
S
X
LDS
ujðxk  xDL0k  hkÞDxl ¼ 
/ikl
2V
X
S
X
LDS
ujhkDxl: ð20Þ
The compatibility condition along the closed boundary states that:X
LDS
DðuihjxkÞ ¼ 0: ð21Þ
Hence,
eij ¼ /ikl2V
X
S
X
LDS
ðhkxlDuj þ xlujDhkÞ: ð22Þ
Note that Dh–0 is true only at the vertices of the integration path.
We have
P
S
P
LDS xkuiDhj ¼
P
v2Vx
v
k u
v
i
P
DLvDh
v
j , in which v gives the
value of * at vertex v, DLv denotes all the line segments connected
with vertex v. With DLva and DL
v
b as the two adjacent line segments
connected with vertex v, we have DhvLDS ¼ xDL
v
a
0  xDS0
 
 xDL
v
b
0 

xDS0

¼ xDLva0  x
DLvb
0 . The surface increments containing vertex v form
a closed surface, leading to
P
DLvDh
v ¼ 0. Therefore, we have:
eij ¼ /ikl2V
X
S
X
LDS
hkxlDuj: ð23Þ
This equation expresses the displacement gradient tensor in terms
of the relative displacements along the boundaries.
With a subdivision of the granular assembly into polyhedral
elements, like the void cell system introduced above, the compat-
ibility condition states that for any closed loop L,X
LDS
DðuihjÞ ¼ 0: ð24Þ
Also Dh–0 only takes place at the vertices. Summation along all the
integration paths on the boundary of one polyhedral element M
associated with the same vertex leads to
P
DLvDh
v ¼ 0. Hence,X
SM
X
LDS
hjDui ¼
X
SM
X
LDS
DðuihjÞ 
X
SM
X
LDS
uiDhj
¼ 
X
v2M
ui
X
DLv
Dhvj ¼ 0: ð25Þ
With Eqs. (24) and (25), Eq. (23) could be rewritten as:
eij ¼ /ikl2V
X
S
X
LDS
hkxlDuj 
X
M2V
XMl
X
SM
X
LDS
hjDui
 !
; ð26Þ
in which XMi denotes the centre of the void cell M.
The line reference points xDL0 are taken as the locations where
relative displacements are concentrated. By denoting
t ¼ XM  xDL0 as the vector from the line reference point xDL0 to the
void cell centre XM , we have:
eij¼/ikl2V
X
S
X
LDS
hkxlDuj
X
M2V
X
SM
X
LDS
hkxDL0l Duj
X
M2V
X
SM
X
LDS
hktlDuj
 !
:
ð27Þ
The second term in Eq. (27) is a summation taken over the bound-
aries of all the surface increments, including those on the assembly
boundary, as well as those internal ones.
Table 1
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ing micro-elements M and N. The integration paths along the sur-
face boundary are taken over opposite directions corresponding to
opposite inward surface normal directions. Hence, along the inte-
gration paths connecting vertices v and w, the two relative dis-
placements satisfy:
DuMi ¼ Duvwi ¼ uvi  uwi ¼ Duwvi ¼ DuNi ; ð28Þ
where h and xDL0 are the same for the two neighboring elements.
Therefore, the two terms associated with a common internal con-
tact point, c, over the boundary of the shared surface between ele-
ments M and N are cancelled by each other, i.e.,
hMi x
MDL
j Du
M
k þ hNi xNDLj DuNk ¼ 0. As the line reference point on the
assembly boundary as the points where the relative displacements
concentrate, we have,X
S
X
LDS
hkxlDuj ¼
X
M2V
X
SM
X
LDS
hkxDL0l Duj ð29Þ
Eq. (27) becomes:
eij ¼ /ikl2V
X
M2V
X
SM
X
LDS
hktlDuj: ð30Þ
In the equation, h ¼ xDS0  xDL0 is the vector from the line reference
point xDL0 to the surface reference point x
DS
0 . t ¼ XM  xDL0 is the vec-
tor from the line reference point xDL0 to the centre of the micro-ele-
ments XM . v ¼ h t=2 is an area vector, which is normal to the
triangular determined from the three points xDS0 ; x
DL
0 and X
M , and
whose magnitude is equal to the area of the triangular, as seen in
Fig. 3. Hence:
eij ¼ 1V
X
M2V
X
SM
X
LDS
viDuj: ð31Þ
Eq. (31) is referred to as the micro-structural expression of the dis-
placement gradient tensor, which is valid in 3D space for any tessel-
lation of the granular assembly into polyhedral elements. The
micro-structural expression of the strain tensor is obtained by
removing the rotation from eij, i.e., eij ¼ 12 eij þ eji
 	
.
In 2D space, the polyhedrons degenerate into polygons. Eq. (31)
becomes: eij ¼ 1V
P
M2V
P
c2MvMci DuMcj , in which vMci ¼ /ijtMcj . This
expression is equivalent to Kruyt and Rothenburg’s (1996) micro-
structural expression of the strain tensor.
3.3. Discussions
3.3.1. Analogy in the derivation processes
The micro-structural expressions of the stress and strain tensors
are derived on two basic physical laws, which are Newton’s second
law of motion and the deformation compatibility. The only
assumption made is about material uniformity.
Despite their different physical signiﬁcances, analogies are no-
ticed in the derivation processes for the micro-structural stress
and strain tensors, as illustrated in Table 1. The derivations startw
v
0
LΔx
0
SΔx
MX
h
υ
/ 2= − ×χ h υ
SΔ
Fig. 3. Deﬁnition of the area vector v.with evaluating the stress and strain tensors as volumetric averages
based on the uniformity assumption. The expressions are expressed
in term of boundary quantities by applying the divergence theorem,
simpliﬁed based on the Newton’s second law of motion and the dis-
placement compatibility condition for the granular assembly, and
then discretized. After that, the local geometrical variables are
incorporated into the expressions for localization by exploiting
the Newton’s second law ofmotion and the compatibility equations
for the micro elements. The expressions in terms of the global coor-
dinates are further modiﬁed based on the fact that at each contact
points, there are a pair of contact forces f Pci ¼ f Qci and a pair of rel-
ative displacements DuMi ¼ DuNi . The results are the micro-struc-
tural expressions for the stress/strain tensors.
3.3.2. The two cell systems and the micro-structural expressions
The solid cells and the void cells in the two cell systems could
serve as the micro-elements in the derivation of the micro-struc-
tural deﬁnitions.
The solid cell system subdivides the granular assembly into so-
lid cells. Each solid cell consists of one grain and some force-free
and mass-free void space in the neighborhood. Deﬁning the stress
tensor for solid cell P as rPij ¼ 1VP
P
c2PmPci f Pcj þ RPij
 
, where VP repre-
sents the volume of the solid cell P, one has:
rij ¼ 1V
X
P2V
VPrPij: ð32Þ
Eq. (32) expresses the stress state of the granular assembly as the
volumetric average of the stress state of the solid cells. In the solid
cell system, the vector mPc ¼ XP  xc , is referred to as the solid vec-
tor. The solid vectors are the geometrical information linking up mi-
cro contact forces and macro material stress.
The void cell system subdivides the granular assembly into void
cells. The boundary of the void cells consists of solid vectors. They
are line segments connecting the contact points and the particle
centres. An unnecessary but convenient choice would be taking
the contact points as the reference point xDL0 for each line segment.
The surface reference point xDS0 is deﬁned as the average location of
all the contact points on the surface boundary, i.e.,
xDS0 ¼
P
c2LDSx
c=NDSc , where N
DS
c is the number of contacts on the
boundary of surface increment DS. The void cell centre is deﬁned
as the average location of all the contact points on the void cell
boundary XM ¼Pc2BMxc=NMc . The macroscopic strain tensor is
linked to microscopic relative displacements through the area vec-
tor v ¼ h t=2.
Denoting the displacement gradient tensor of the void cell M as
eMij ¼ 1VM
P
SM
P
LDSviDuj, where V
M represents the volume of the void
cell M, one has:
eij ¼ 1V
X
M2V
VMeMij : ð33ÞDerivation procedure for the micro-structural expressions.
Stress Strain
Deﬁnition in terms of volumetric average
Application of the divergence theorem
Newton’s second law of
motion for the domain
Deformation compatibility
for the domain
Expression in terms of boundary variables
Discretization
Localization
Newton’s second low of
motion for the solid cell
Deformation compatibility
for the void cell
f Pci ¼ f Qci DuMi ¼ DuNi
Micro-structural expressions
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ular assembly as the volumetric average of the displacement gradi-
ent tensor of the void cells.
Using the void cell system, t ¼ XM  xDL0 becomes the vector
connecting contact point to the void cell centre, which is referred
to as the void vector; h ¼ xDS0  xDL0 is the vector connecting contact
point to the surface centre, which is referred to as the surface void
vector. As seen from Fig. 3, the area vector v could also be ex-
pressed as: v ¼ xDS0 XM
!
t=2. With xDS0 ¼
P
c2LDSx
c=NDSc , we have
xDS0 X
M
!
¼PNDSci¼1ti.NDSc , and v ¼  PNDSci¼1ti.NDSc  t=2, where ti is
the void vector connecting the void cell centre and the i-th contact
point on the boundary of the surface increment DS. Therefore, the
void vector is the most important geometrical information in the
void cell system.
The geometries in the micro-structural expressions include the
solid vector mc , the void vector tc and the surface void vector hc .
They are the key geometries in the two-cell systems, which are
correlated. Consider
dij ¼ 1V
I
V
dij dV ¼ 1V
I
V
xj;idV ¼  1V
I
S
xjniðxÞdS: ð34Þ
Following the procedure to derive the micro-structural strain ten-
sor, we could have:
dij ¼  1V
X
M2V
X
SM
X
LDS
viDxj: ð35Þ
In the equation, Dxi describes the relative locations between the
two particle centres. Along the integration path from particle P
through contact c to particle Q, we have: Dxi ¼ xQi  xPi ¼ mQci  mPci .
Hence,
dij ¼ 12V
X
M2V
X
SM
X
LDS
/iklhktl m
Qc
j  mPcj
 
: ð36Þ
From the equation, the volume of the granular assembly could be
written as V ¼ 16
P
M2V
P
SM
P
LDS/ijkhjtk m
Qc
i  mPci
 	
, which is obtained
as the summation over all the tetrahedrals whose four vertices con-
sist of a void cell centre, a solid cell centre, a contact point and a
void cell surface centre.
4. From microscopic contact law to macroscopic constitutive
relation
Efforts have been made to derive the macroscopic stress–strain
relationship from the microscopic contact laws (e.g., Christoffersen
et al., 1981; Cambou et al., 1995, 2000; Chang and Hicher, 2005;
Nicot and Darve, 2005).
The representation of the internal structure in terms of the two
cell systems, and the two mapping rules, given in Eqs. (12) and
(31), are the basics of the homogenization process. The concept
is illustrated in Fig. 4. Starting from the overall stress, local contact
forces can be deduced from stress based on the solid cell system
and Eq. (12), then the local kinematics can be obtained from a localContact Forces 
Stress Tensor 
Contact Displ
Equation (12) 
Contact
law 
I
p
Fig. 4. Microscopic derivation ocontact law, and ﬁnally overall strains can be computed from Eq.
(31). Alternatively, starting from overall strains, the relative parti-
cle displacements could be determined based on the void cell sys-
tem and Eq. (31), then local forces are computed by following the
contact law, and ﬁnally the overall stress is obtained from Eq. (12).
The contact law models the relationship between the contact
forces and the contact displacements. While in Eq. (31), the local
kinematics linked to the strain tensor is the relative displacement
between particles. To relate the contact displacements with the
relative particle displacements, information or assumptions on
particle rotations is necessary. No particle rotation is a common
assumption made in the homogenization theories (e.g., Walton,
1987; Chang and Liao, 1994; Cambou et al., 1995; Kruyt and Roth-
enburg, 1998; Nicot and Darve, 2005).
The localization of microscopic contact forces/relative displace-
ments from the macroscopic stress/strain is not straightforward. A
static hypothesis is generally required to deduce the local forces
from the global stress, or a kinematical hypothesis to deduce the
local displacements from the global strain.
This method is conceptually attractive, but mathematically
sophisticated. One of the early difﬁculties for homogenization is
that compared with the well-established stress deﬁnition in terms
of contact forces, there has been no accepted general way of aver-
aging particle displacements to get macroscopic strains (Cambou
et al., 1995). The micro-structural expression of the strain tensor,
given in Eq. (31), makes up the missing link in the homogenization
technique.
The internal structure plays a crucial role in the localization
process of contact forces/particle displacements from the stress/
strain tensors and in the averaging process to determine stress/
strain from contact forces/particle displacements. The homogeni-
zation process is much complex due to the involvement of the
internal structural, which consists of a large number of particle-
scale geometrical quantities. The problem is even more compli-
cated when studying plastic soil behaviour, the internal structural
rearrangements becomes important and should be taken into ac-
count. With the complete description of the internal structure in
terms of the two cell systems, it is possible to investigate the inter-
nal structure and its evolution during loading.
A complete derivation of the constitutive relationship is beyond
the scope of this paper. The importance of the internal structure is
highlighted. The macroscopic quantiﬁcation of the internal struc-
ture is discussed in the following. Such a macro quantiﬁcation of
the internal structure is of great importance as the prerequisite
of incorporating the inﬂuence of internal structure into the consti-
tutive models.5. Macroscopic quantiﬁcation of the internal structure
Loading not only displaces the contact points, but also makes
some of them disappear and generates some new contact points.
The evolution of the internal structure is complex. Macroscopic
quantiﬁcation of the internal structure is done statistically. MostParticle Displacements 
Strain Tensor 
acement
Equation (31) 
nformation on 
article rotation 
f the constitutive models.
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second rank tensor, namely the fabric tensor on the macro scale.
The fabric tensor is a statistical measure deﬁned on the micro-scale
geometrical quantities.
Various deﬁnitions of the fabric tensor have been proposed in
the literature based on different geometrical information. The def-
initions and their correlations are discussed in this section.
5.1. Deﬁnitions of the fabric tensor
5.1.1. Particle orientation
Particle orientation is referred to as the direction of the major
axes of the particles. Each particle has a unique particle orienta-
tion, which is denoted as unit vectors parallel but opposite in direc-
tion, np and np, as shown in Fig. 5(a). A fabric tensor
characterizing the directional distribution of the particle orienta-
tions is deﬁned as:
Gpij ¼
1
Np
X
p2V
npi n
p
j ; ð37Þ
in which Np is the total number of granular particles. It is easy to
ﬁnd that the fabric tensor Gpij is symmetric and its trace is equal
to 1. The anisotropy in particle orientation is often given in terms
of a symmetric deviatoric tensor Fpij ¼ Gpij  dij=D, in which D = 2
for 2D space and D = 3 for 3D space.
Particle orientation is one source of fabric anisotropy noted in
early studies, since the naturally deposited soil particles have a
preferential orientation in the horizontal plane. Oda et al. (1985)
measured the particle orientation anisotropy of oval-shaped
photoelastic particles and gave clear evidence on anisotropy in par-
ticle orientation due to deposition. When subjected to biaxial
shearing to a strain level up to 5%, Oda’s results show that the
anisotropy of particle orientation changes slightly with a major
axis nearly parallel to the minor principal stress direction. Hence,
the particle orientation is sometimes considered as a source of
inherent fabric anisotropy (e.g., Li and Dafalias, 2004; Wan and
Guo, 2004). However, there is no direct correlation between the
particle orientation and the stress–strain responses of granular
materials. It is widely recognized that the behaviour of granular
material is more affected by the spatial arrangements of the gran-
ular particles, rather than the geometries of individual particles.
5.1.2. Contact information
The fact that granular particles interact at contact points justi-
ﬁes contact as important geometrical information in soil fabric.
The normal direction at contact point is denoted as two unit vec-
tors parallel but opposite in direction, nc and nc (Fig. 5(a)). A fab-(a) Particles and contacts 
Fig. 5. Particle scale geomric tensor giving the main characteristics of the contact normal
distribution is deﬁned as:
Gcij ¼
1
Nc
X
c2V
nci n
c
j ; ð38Þ
in which Nc is the total number of contacts.
The fabric tensor deﬁned on the contact normal distribution has
close relations with the stress tensor. The fabric tensor Gcij is sym-
metric and its trace is equal to 1. Eq. (38) could alternatively be
written as:
Gc ¼ 1
Nc
X
n
McðnÞn n; ð39Þ
with McðnÞ denoting the number of contacts whose normal direc-
tion is n. With the assumption that for the contacts with the normal
direction n, the solid vector vc and the contact force fc are statisti-
cally independent, Eq. (12) could be rewritten as:
r ¼ 1
V
X
n
McðnÞvcðnÞ  fcðnÞ þ
X
P2V
RP
 !
; ð40Þ
in which vcðnÞ is the average solid vector and fcðnÞ is the average
contact force over the McðnÞ contacts. Eq. (40) indicates that the
anisotropy in contact normal is an important contribution to stress
anisotropy. Due to the general acceptance of Love–Weber relation,
the fabric deﬁnition based on contact normals has been widely
adopted. Recent researchers consider not only initial anisotropy
about contact normal, but also the loading induced one. Laboratory
observations and numerical simulations have reported a dramatic
change in the contact normal anisotropy during loading (e.g., Oda
et al., 1985; Rothenburg and Bathurst, 1989).
The fabric tensor on contact information is closely related to the
stress state of granular materials. There are other similar fabric
tensors, including those deﬁned on the branch vector lc (the vector
connecting the centres of two particles in contact, as seen in
Fig. 5(a)), or alternatively the solid vector vc . The solid vector can
be decomposed into three components as:
vc ¼ vcnnc þ vcssc þ vct tc; ð41Þ
in which nc is the unit vector normal to the contact plane, and
sc and tc are two unit vectors in the tangential plane. In the case
of uniform spherical particles, vc ¼ Rnc . The deﬁnition based on
the solid vector is only different from the deﬁnition based on the
contact normal in the coefﬁcient. For more general case of arbitrary
particle shape, the two fabric tensors are slightly different. The dif-
ference is affected by particle shape and particle orientation
distribution. 
(b) Voids 
etrical information.
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Fig. 6. The strain deﬁnition and the internal structure.
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Deformation of granular materials is usually considered as a
more complicated aspect of granular material behaviours. Investi-
gation into the deformation of granular materials requires a fabric
tensor characterizing void spaces, which is rare in the literature.
For 2D assemblies, Konishi and Naruse (1988) and Tsuchikura
and Satake (1998) characterized the void space with void-based
loop tensors deﬁned on the vectors connecting contact points suc-
cessively around the associated void. This deﬁnition was followed
by Kuhn (1997, 1999). For 3D assemblies, the fabric tensor related
to void spaces is usually deﬁned based on the stereological tech-
nique in terms of the directional distribution of the porosity
(Muhunthan et al., 2000) or mean path length through the voids
on the scanning lines (Oda et al., 1985). The directional distribution
of porosity is not suitable to represent the void space anisotropy, as
porosity is inherently an isotropic property. The mean void path
method is difﬁcult as the void space in 3D specimen is continuous,
while the contact area is so small that it can only be captured with
very high resolution.
With the void cell system serving as a convenient description of
the spatial arrangement of granular particles, the void space, or the
particle arrangement, is characterized on the macro-scale in terms
of the statistics of the void cell geometries.
In Eq. (31), the strain tensor is evaluated from summation tak-
ing over the integration paths. The equation could be reorganized
into summation taken over all the contact points as:
eij ¼ /ikl2V
X
c2V
XNvc
i¼1
hDS
i
a
k t
i
lDu
DSia
j þ h
DSib
k t
i
lDu
DSib
j
 
; ð42Þ
in which Nvc is the total number of void cells with contact point c on
its boundary, xDS
i
a
0 and x
DSib
0 are the centres of the two surfaces
DSia and DS
i
b on the boundary of the i-th void cell M
i
c which have
contact c on the surface boundary, as seen in Fig. 6. P and Q are
the two grains in contact at point c. Denoting Duci ¼ uQi  uPi , Eq.
(42) becomes:
eij ¼ /ikl2V
X
c2V
XNvc
i¼1
hDS
i
a
k t
i
l  h
DSib
k t
i
l
 
Ducj : ð43Þ
Denoting kci ¼ /ikl
PNvc
i¼1 h
DSia
k t
i
l  h
DSib
k t
i
l
 
, or alternatively
kc ¼PNvci¼1 hDSia  ti þ ti  hDSib , it is worthy noticing that kc repre-
sents the area vector of the polygon whose vertexes consist of the
centres of the void cells containing contact c and the centres of
the shared surfaces between neighboring void cells. The micro-
structural expression of the strain tensor could be rewritten as:
eij ¼ 1V
X
c2V
kciDu
c
j ; ð44Þ
where kc is highly dependent on the directional distribution of void
vector lengths, while it has little correlations with its directional
probability density distribution. A fabric tensor is hence determined
based on the directional distribution associated with void vectors
(Fig. 5(b)). Consider a representative void cell, whose length along
direction n is the average length of all the void vectors along direc-
tion n within the specimen vðnÞ, a fabric tensor deﬁned on the
directional distribution of the average void vector length is sup-
posed to be a description of the shape and orientation of the aver-
aged void cell.
A convenient way to describe the shape of a void cell is using
the spherical coordinates ðq;nÞ, where q is the distance from the
centre to the void cell boundary, and n is a unit vector representing
directions. A fabric tensor characterizing the shape of the void cell
is given asGm ¼ E0
I
X
qn ndX: ð45Þ
The integration is taken over the entire domain of solid angle X in
space. E0 is a normalization factor determined from E0 ¼ 1=
H
X dX,
which is equal to 2p in the 2D case and 4p in the 3D case. In the dis-
crete form, the fabric tensor could be written as:
Gm ¼ E0
X
X
m nð Þn nDX; ð46Þ
in which n and v nð Þ are the representative direction and void vec-
tor length within the spatial interval DX.
Taking the representative void cell as a statistical description of
the void spaces, a measure of the void shape is deﬁned as:
Gm ¼ E0
I
X
mðnÞn ndX: ð47Þ
Such a deﬁnition of Gm is distinctly different from other existing def-
initions of fabric tensors (e.g., Satake, 1983; Oda and Iwashita,
1999). As the void cell system valid in 2D and 3D, the deﬁnition
of Eq. (47) is applicable in both 2D and 3D spaces.
The fabric tensor can be decomposed into an isotropic part and
a deviatoric part as:
Gm ¼ G0ð1þ FÞ: ð48Þ
The isotropic part of the tensor, G0 ¼ G  1=1  1, is a measure of the
internal structure size, while the normalized deviatoric fabric ten-
sor F, which is also referred to as the anisotropic fabric tensor, is
a statistical measure of the anisotropy in particle arrangement.
5.2. Observation on the fabric tensors in uni-directional shearing
Numerical simulations with the discrete element method
(DEM) have greatly facilitated the microscopic investigation into
granular material behaviours. A commercial DEM code, PFC2D, is
used in this paper to obtain detailed material fabric information
in the process of shearing.
An initially anisotropic specimen was prepared with the free
deposition method. The particles were randomly generated within
a bounded range, with its height twice the objective height of the
specimen. Each particle is clumped by two equal-sized disks, with
the equivalent radius uniformly distributed within the range
(0.1 mm, 0.3 mm). The thickness is 0.2 mm. The particle stiffness
is kn ¼ ks ¼ 10e5 N=m. First, the particles were allowed to fall freely
within the bounded range with frictional coefﬁcient 0.4 under the
action of self-weight, and reach an equilibrium state. After that, the
specimen boundaries are speciﬁed, the self-weight was removed
and the inter-granular frictional coefﬁcient is restored to be 0.5.
The method is similar to the dry deposition method used for labo-
ratory sample preparation. The internal structures were expected
to be anisotropic due to the action of gravity.
Undrained biaxial loading was applied with a parameter f iden-
tifying the loading direction (the direction of the active principal
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Fig. 7. Numerical simulation of granular material behaviour.
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loading direction is coincident with the direction of sample depo-
sition (vertical), f = 0; whereas when the loading direction is nor-
mal to the deposition direction, i.e., the loading direction is lateral,
f = 90.
The specimen responses are given in Fig. 7. Under constant vol-
ume conditions, the dilative/contractive tendency is converted to
an increase/decrease in the mean normal stress. It is observed that,
as compared with the case of lateral loading, when the loading
direction is co-directional with the deposition direction, the stress
ratio is higher and the specimen is more dilative. The observation
shown in Fig. 7 is in accordance with the laboratory observations
reported in the literature (e.g., Vaid and Chern, 1985; Yoshimine
et al., 1998).
The difference for responses with f = 0 and f = 90 under other-
wise identical conditions is clearly a result of initial fabric anisot-
ropy. The fabric anisotropy in terms of particle orientation,
contact normal and void shape during shearing is given in Figs.
8–10, in terms of the difference between the principal fabric along
the loading direction G1 and that normal to the loading direction
G2. A positive value indicates the major principal direction of mate-
rial fabric coincides with the loading direction. A negative value
indicates that they are normal to each other.
Upon uni-directional shearing, the particles prefer orientating
normal to the loading direction. A monotonic decrease is observed
in Fig. 8, which seems to have little correlation with the material
stress–strain responses. The changes in the anisotropy of the con-0.0 2.5 5.0 7.5 10.0 12.5 15.0 17.5 20.0 22.5 25.0
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Fig. 8. Particle orientation anisotropy.tact normal and void shape are observed in pace with the variation
in the stress ratio. They increase rapidly upon the start of shearing,
reach a peak, and then gradually approach their steady values.
The anisotropy in contact normal has strong correlation with
the anisotropy in the void shape as shown in Fig. 11(a). It is not
a surprising ﬁnding considering the relation established in Eq.
(36). The correlation could be biased by the distribution of particle
orientations. With the same void shape anisotropy, the contact0.0 2.5 5.0 7.5 10.0 12.5 15.0 17.5 20.0 22.5 25.0
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4340 X. Li et al. / International Journal of Solids and Structures 46 (2009) 4331–4341normal anisotropy is stronger when the particles orient more in
the direction normal to the void cell orientation, as illustrated in
Fig. 11(b).
It is important to note from Figs. 9 and 10 that as shearing pro-
ceeds, all the specimens tend to have an anisotropic fabric with its
major direction coincident with the loading direction. In Fig. 10, as
shearing continues to large strains (say, P10%), a critical fabric
anisotropy is developed with Gm1  Gm2 ¼ 0:12, which is independent
of the initial fabric anisotropy. It suggests that at critical state, the
maternal internal structure is not isotropic. Instead, the specimens
of different initial fabric would approach the same ultimate aniso-
tropic state, i.e., the critical state, if a very large shear strain is
attainable.6. Conclusions
This paper explores the macro–micro relations in the mechanics
of granular materials, which includes three important aspects: the
micro and macro characterization of the internal structure, the mi-
cro-structural expression of the macro stress tensor in terms of
contact forces and the micro-structural expression of the macro
strain tensor in terms of relative displacements. In addition to a
brief review of the state-of-the-art in the area, we further general-
ize the previous work reported in the literature.
In this paper, the internal structure is described by the two cell
systems, which are tessellations constructed based on contact
information. It is not only geometrically important but also physi-
cally signiﬁcant. The only assumption made to derive the micro-
structural expressions of the stress and strain tensors is about
the material uniformity. The micro-structural expression of the
stress tensor, Eq. (12), is derived based on the Newton’s second
law of motion. The assumption of being static is excluded. As a re-
sult, an additional term related to particle rotations appears in the
expression. The micro-structural expression of the strain tensor,
Eq. (31), is derived based on the compatibility condition. The
expression is valid in 2D and 3D for any tessellation of the granular
assembly into polygonal/polyhedral elements.
The derivation of the macroscopic constitutive models from the
microscopic behaviours is discussed. The signiﬁcance of the estab-
lished micro-macro relations is highlighted. Special attention is fo-
cused on the macroscopic quantiﬁcation of the internal structure.
Existing deﬁnitions of the fabric tensor are reviewed. In addition
to the available deﬁnitions based on particle orientation and con-
tact normal, a fabric tensor characterizing the void shape is intro-duced. Fabric evolution of an anisotropic specimen when subjected
to uni-directional shearing is given with the information from DEM
simulations. The fabric tensor based on particle orientation has a
least correlation with the granular material behaviour, while the
fabric tensors on contact normal and void space have profound ba-
sics rooted in the micro-structural deﬁnitions of the stress and
strain tensor, respectively.
Looking into detailed geometric relationship, the fabric tensors
on contact normal and void space are closely correlated, although
the correlation could be slightly biased by the particle orientations.
Despite the difference in their initial states, the two fabric tensors
approach their ultimate values under continuous shearing, indicat-
ing a unique anisotropic structure developed at critical state.
Acknowledgments
The authors thank the reviewers for their constructive com-
ments, which have contributed to a more rigorous presentation
and an improvement of our paper.
References
Bagi, K., 1996. Stress and strain in granular assemblies. Mechanics of Materials 22,
165–177.
Bagi, K., 1999. Microstructural stress tensor of granular assemblies with volume
forces. Journal of Applied Mechanics 66 (4), 934–936.
Bagi, K., 2006. Analysis of microstructural strain tensor for granular assemblies.
International Journal of Solids and Structures 43 (10), 3166–3184.
Cambou, B., Dubujet, P., Emeriault, F., Sidoroff, F., 1995. Homogenization for
granular materials. European Journal of Mechanics, A/Solids 14 (2), 255–276.
Cambou, B., Chaze, M., Dedecker, F., 2000. Change of scale in granular materials.
European Journal of Mechanics, A/Solids 19, 999–1014.
Chang, C.S., Hicher, P.-Y., 2005. An elasto-plastic model for granular materials with
microstructure consideration. International Journal of Solids and Structures 42,
4258–4277.
Chang, C.S., Liao, C.L., 1994. Estimates of elastic modulus for media of randomly
packed granules. Applied Mechanics Reviews 47 (1), 197–206.
Christoffersen, J., Mehrabadi, M.M., Nemat-Nasser, S., 1981. A micromechanical
description of granular material behavior. Journal of Applied Mechanics 48,
339–344.
De Saxce, G., Fortin, J., Millet, O., 2004. About the numerical simulation of the
dynamics of granular media and the deﬁnition of the mean stress tensor.
Mechanics of Materials 36, 1175–1184.
Goddard, J., 1977. An elastohydrodynamics theory for the rheology of concentrated
suspensions of deformable particles. Journal of Non-Newtonian Fluid
Mechanics 2, 169–189.
Konishi, J., Naruse, F., 1988. A note on fabric in terms of voids. In: Satake, M., Jenkins,
J.T. (Eds.), Micromechanics of Granular Materials. Proceedings of the US–Japan
Seminar on the Micromechanics of Granular Materials, Sendai-Zao, Japan, pp.
39–46.
Kruyt, N.P., Rothenburg, L., 1996. Micromechanical deﬁnition of the strain tensor for
granular materials. Journal of Applied Mechanics 118, 706–711.
X. Li et al. / International Journal of Solids and Structures 46 (2009) 4331–4341 4341Kruyt, N.P., Rothenburg, L., 1998. Statistical theories for the elastic moduli of two-
dimensional assemblies of granular materials. International Journal of
Engineering Science 36, 1127–1142.
Kuhn, M.R., 1997. Deformation measures for granular materials. In: Chang, C.S.,
Misra, A., Liang, R.Y., Babic, M. (Eds.), Mechanics of Deformation and Flow of
Particulate Materials. Elsevier, Amsterdam, pp. 469–486.
Kuhn, M.R., 1999. Structured deformation in granular assemblies. Mechanics of
Materials 31, 407–429.
Li, X.S., Dafalias, Y.F., 2004. A constitutive framework for anisotropic sand including
non-proportional loading. Géotechnique 54 (1), 41–55.
Li, X., Li, X.S., 2007. Characterization of microstructure of granular materials. In: Yin,
J.H., Li, X.S., Yeung, A.T., Desai, C.S. (Eds.), Constitutive Modelling –
Development, Implementation, Evaluation and Application, Hong Kong, ISBN:
978-988-99537-0-6.
Li, X., Li, X.S., 2009. Micro–macro quantiﬁcation of the internal structure of granular
materials. Journal of Engineering Mechanics, ASCE 135 (7), 641–656.
Love, A.E.H., 1927. A Treatise of Mathematical Theory of Elasticity. Cambridge
University Press, Cambridge.
Muhunthan, B., Masad, E., Assaad, A., 2000. Measurement of uniformity and
anisotropy in granular materials. Geotechnical Testing Journal 23 (4), 423–431.
Nicot, F., Darve, F., 2005. A multi-scale approach to granular materials. Mechanics of
Materials 37, 980–1006.
Oda, M., Iwashita, K., 1999. Introduction to Mechanics of Granular Materials. A.A.
Balkema, Rotterdam.
Oda, M., Nakayama, H., 1987. Yield function for soil with anisotropic fabric. Journal
of Engineering Mechanics 115 (1), 89–104.
Oda, M., Nemat-Nasser, S., Konishi, J., 1985. Stress-induced anisotropy in granular
masses. Soils and Foundations 25 (3), 85–97.
Rothenburg, L., Bathurst, R.J., 1989. Analytical study of induced anisotropy in
idealized granular materials. Géotechnique 39 (1), 601–614.
Rothenburg, L., Selvadurai, A.P.S., 1981. A micromechanical deﬁnition of the Cauchy
stress tensor for particular media. In: Selvadurai, A. (Ed.), Mechanics of
Structured Media. Elsevier, Amsterdam, pp. 469–486.
Satake, M., 1978. Constitution of mechanics of granular materials through graph
representation. In: Cowin, S.C., Satake, M. (Eds.), Proceedings of the US–JapanSeminar on Continuum-Mechanical and Statistical Approaches in the
Mechanics of Granular Materials, Gakujutsu Bunken Fukyukai, Tokyo, Japan,
pp. 47–62.
Satake, M., 1983. Fundamental quantities in the graph approach to granular
materials. In: Jenkins, J.T., Satake, M. (Eds.), Mechanics of Granular Materials:
New Models and Constitutive Relations, pp. 9–19.
Satake, M., 1992. A discrete-mechanical approach to granular materials.
International Journal of Engineering Science 30 (10), 1525–1533.
Satake, M., 2004. Tensorial form deﬁnitions of discrete-mechanical quantities for
granular assemblies. International Journal of Solids and Structures 41 (21),
5775–5791.
Tobita, Y., Yanagisawa, E., 1992. Modiﬁed stress tensors for anisotropic behavior of
granular material. Soils and Foundations 32 (1), 85–99.
Tsuchikura, T., Satake, M., 1998. Statistical measure tensors and their application to
computer simulation analysis of biaxial compression test. In: Murakami, H.,
Luco, J.E. (Eds.), Engineering Mechanics: A Force for the 21st Century. ASCE,
New York, NY, pp. 62–76.
Vaid, Y.P., Chern, J.C., 1985. Cyclic and monotonic undrained response of saturated
sands. In: Advances in the Art of Testing Soils Under Cyclic Loading. ASCE
National Convention, Detroit, pp. 120–147.
Walton, K., 1987. The effective elastic moduli of a random packing of spheres.
Journal of the Mechanics and Physics of Solids 35 (2), 213–226.
Wan, R.G., Guo, P.J., 2004. Stress dilatancy and fabric dependencies on sand
behavior. Journal of Engineering Mechanics 130 (6), 635–645.
Weber, J., 1966. Recherche concernant le contraintes intergranulaires dans les
milieux pulverulents. Bulletin de Liaison des Ponts et Chausees, Paris 20, 1–20.
Yoshimine, M., Ishihara, K., Vargas, W., 1998. Effects of principal stress direction and
intermediate principal stress on undrained shear behavior of sand. Soils and
Foundations 38 (3), 179–188.
Yu, H.S., 2008. Non-coaxial theories of plasticity for granular materials. In: Keynote
Lecture, Proceedings of the 12th International Conference of IACMAG, Goa,
India, pp. 361–378.
Zhu, H., Mehrabadi, M.M., Massoudi, M., 2006. Incorporating the effects of fabric in
the dilatant double shearing model for planar deformation of granular
materials. International Journal of Plasticity 22, 628–653.
